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Abstract 
Furuta, M. and H. Ohta, Differentiable structures on punctured 4-manifolds, Topology and its 
Applications 51 (1993) 291-301 
In this paper we give a sufficient condition for a punctured topological 4-manifold to have 
uncountably many differentiable structures. We also formulate a conjecture about a generaliza- 
tion of Casson’s invariant and Rochlin’s invariant, which would imply existence of uncountably 
many differentiable structures on a punctured topological 4-manifold with nontrivial Kirby- 
Siebenmann obstruction. 
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1. Introduction and statement of result 
Let M be a simply connected closed topological 4-manifold and p E M a point 
of M. Quinn showed that M-p is always smoothable [7,11]. Then we have a 
natural question. 
Question. How many differentiable structures are there on M -p? 
As for this question we have the following conjecture. 
Conjecture 1.1. There exists a family of uncountably many distinct differentiable 
structures on M -p. 
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It is well known that there is a family of uncountably many exotic differentiable 
structures on R4 = S4 - pt by Gompf [S] and Taubes [13]. This is a consequence of 
two independent results: one is topological and due to Freedman’s or Quinn’s 
observation [12] about the differentiable structure on the end of R4 and the other 
is analytical and due to Donaldson’s theorem A on smooth closed definite 
4-manifold [2] and Taubes’ end-periodic version of Donaldson’s theorem [13]. In 
Section 3 we show that a similar argument shows: 
Theorem 1.2 (see Proposition 3.3). Let M be any smooth closed 4-manifold (not 
necessary simply connected) and p a point of M. Then M -p has uncountably many 
distinct differentiable structures. 
Theorem 1.3 (see Proposition 3.7). Let M be any closed topological 4-manifold (not 
necessary simply connected) and S a finite subset of M. If S has at least two points, 
then M - S has uncountably many distinct differentiable structures. 
For example, S3 X R( = S4 - ((0) U {m)>) has uncountably many distinct exotic 
differentiable structures. Earlier Freedman proved in [5] that there is at least one 
exotic differentiable structure on S” x R. 
Utilizing an end-periodic version of Donaldson’s theorems B and C [lo] we 
show in Section 3 that Conjecture 1.1 is true for many simply connected closed 
topological 4-manifolds. 
Theorem 1.4. Let M be any simply connected closed topological 4-manifold and p a 
point of M. Then M-p has uncountable many distinct differentiable structures, 
except possibly for the following two cases. 
(1) The Kirby-Siebenmann obstruction ks(M) of M is nonzero, and the intersec- 
tion form of M is of odd type and indefinite. 
(2) The Kirby-Siebenmann obstruction ks(M) of M is nonzero, and the intersec- 
tion form of M is of odd type and definite and diagonalizable ouer Z. 
In the exceptional two cases (1) and (2) the intersection form is equivalent to 
n(1) @ m( - 1) for some positive integers n, m and to n(1) or n(- 1) for some 
positive integer n over Z respectively. After recalling Freedman’s classification 
theorem in Section 2, we prove Theorem 1.4 in Section 3. Although the statement 
of Theorem 1.4 seems nontrivial, the proof is now a consequence of the end-peri- 
odic versions of Donaldson’s theorems A, B and C [131 and [lo] and further some 
topological observations of Quinn [12]. This result emphasizes the difference 
between exotic structures on closed 4-manifolds and those on some open 4-mani- 
folds. 
In Section 4 we provide an approach to the verification of Conjecture 1.1 for the 
two remaining cases in Theorem 1.4. We define invariants of Casson type and 
Rochlin type for 4-manifolds with the Z-homology of S’ X S” whose Z-fold 
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covering has the same homology as S”. Then we shall present a conjecture on the 
relation between the Casson and Rochlin type invariants. This conjecture is an 
extended version of the corresponding statement for homology 3-sphere [l]. If the 
conjecture is true, then we can conclude that M-p does not have smooth 
end-periodic structure for M with ks(M) # 0. This would imply that Conjecture 1.1 
also holds for the exceptional two cases in Theorem 1.4. 
After finishing this work, the authors were informed that Gompf proved 
Conjecture 1.1 [9]. The authors wish to thank Gompf for letting them know his 
result, and the referee for some expressions. 
2. Preliminaries 
First of all we recall Freedman’s classification theorem on simply connected 
closed topological 4-manifolds [6]. We denote the Kirby-Siebenmann obstruction 
by ks E Z/22. We have the following cases. 
(I) The intersection form is of even type. 
(1) The form is definite. 
(2) The form is indefinite. 
(II) The intersection form is of odd type. 
(a> ks = 0. 
(1) The form is definite. 
(i) The form is nondiagonalizable. 
(ii) The form is diagonalizable. 
(2) The form is indefinite. 
(b) ks= 1. 
(1) The form is definite. 
(i) The form is nondiagonalizable. 
(ii) The form is diagonalizable. 
(2) The form is indefinite. 
The classification theorem implies that in case (I) the manifold is determined by 
the intersection form and in case (II) the manifold is determined by the intersec- 
tion form and ks. 
Definition 2.1. Let 9 be the equivalence class of unimodular quadratic forms over 
Z which are prohibited from being the intersection forms of smooth closed 
4-manifolds by Donaldson’s theorems A [2], B and C [3]. 
Precisely 9 consists of nondiagonalizable definite forms and nonhyperbolic 
even forms with rank of maximal positive or negative sublattice less than three. For 
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example when we denote by E, the positive definite even unimodular form with 
rank 8, then nE,, nE, @ H and nE, @ 2H ~9 where H = ($ and IE E 2 - 0. 
We refer the reader to [13,14] for the definition of an end-periodic 4-manifold. 
3. Proof of Theorem 1.4 
Proposition 3.1. Let A4 be a closed topological 4-manifold with H,(M, Z/22) = 0 
and the intersection form ~9. Let p be a point of M. Then M -p has uncountably 
many distinct differentiable structures. 
Proof. Let B4 = {x E R4 II x 1 < 11 be the open unit ball in R4. Let U be an open 
neighborhood of p and C#J : U + B4 a homeomorphism with 4(p) = 0. Take and fix 
a differentiable structure on M -p. For r E [l, m> we put B, = Ix E R4 II x I < l/r) 
c B4 and U,. = 4-‘(B,) c U. Then for each r E 11, m> we have a family of 4-mani- 
folds M, = (M - QY), which has the differentiable structure induced from the given 
differentiable structure on M-p. Note that obviously they are all homeomorphic 
to M -p. Now we show that: 
Lemma 3.1.1. There exists a number r0 E [l, m) such that M,, is not diffeomorphic to 
IV_ for all r, # r2 > rg. 
Proof. Assume that for any rO there would exist r1 # r2 > rD such that M,, were 
diffeomorphic to M,,. Assume r, < r2. We have a diffeomorphism f : M,, + M,,. 
Let S:,, S;: be the topologically embedded boundary 3-spheres of M,,, Mr, 
respectively. Let N,, = $-‘(B,, - B,._J (E ==z 1) be an open collar of SI”,. Putting 
lVr, = f(N,,), it is an open collar of S9, too. When we put W = MT, - CM,., -At,,) c 
Mrz, W is homeomorphic to S” X (r2 - l , r,). Using the diffeomorphism f, we can 
construct an end-periodic smooth 4-manifold 
R=M/., u,wu,wu, . . . . 
This contradicts the end-periodic version of Donaldson’s theorem [10,13]. There- 
fore M -I, has uncountably many exotic differentiable structures. 0 
It follows from Proposition 3.1 that 
Corollary 3.2. Conjecture 1.1 is true for manifolds in the cases of (I.l), (1I.a.l.i) and 
(1I.b.l.i). Further it is true for the case nE, @Hand nE, 69 2H of (1.2). 
Next we show the following, which was stated in Section 1. 
Proposition 3.3. Let A4 be any smooth closed 4-manifold (not necessary simply 
connected) and p E A4 be a point. Then A4 - p has uncountably many distinct 
differentiable structures. 
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Proof. To prove this we use Quinn’s observation on differentiable structures on 
ends of 4-manifolds [12]. Let X be the unique closed simply connected topological 
4-manifold with the intersection form 2E,, and p, be a point of X. Then the 
Kirby-Siebenmann obstruction ks(X) is zero. Then Quinn’s result shows that 
X -pi has a differentiable structure such that the end of X -p, is diffeomorphic 
to the end of some exotic R4, say 5%‘. That is, there exist compact subsets 
K CX -p,, L c9 and a proper diffeomorphism 
$:(X-p,) -K+9-L. 
Now we consider the connected sum M#(X-p,). Then we have a proper 
diffeomorphism naturally via rj~, 
$:M#(X-p,) -K+M#S-L. 
Note that M#S? is homeomorphic to M-p. Then using a local chart around 
p EM as in the proof of Proposition 3.1, we can define a family of smooth 
4-manifolds M, c M#S? parametrized by r E [ 1, a), which are all homeomorphic 
to M-p. 
Lemma 3.3.1. There exists a number r’ E [l, m> such that M,. is not diffeomorphic 
M-pforallr>r’. 
Proof. If for all r’ there would exist r > r’ such that M, were diffeomorphic 




So X -pl could be capped smoothly, which contradicts Donaldson’s theorem A. 
0 
By the proof of Proposition 3.1 we also have 
Lemma 3.3.2. There exists a number rg E [l, a> such that M,, is not diffeomorphic to 
Mr2 for all r1 + r2 > rO. 
Proof. If not, there would exist r, < r2 such that M,., were diffeomorphic to M,,. 
Then X- pt would have an end-periodic smooth structure by using the proper 
diffeomorphism 4 : (X - pt) - K -9 - L. This contradicts to an end-periodic 
version of Donaldon’s theorem A [13]. 0 
As a corollary to Proposition 3.3 we have 
Corollary 3.4. Conjecture 1.1 is true for the case (II.a.l.ii) and the case (II.a.2). 
At the final step we show 
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Proposition 3.5. Let M be as in Proposition 3.1 and N be any closed smooth 
4-manifold (not necessary simply connected). Let p be any point of M. Then the 
connected sum N#M - p has uncountably many distinct differentiable structures. 
Proof. Since M-p has a smooth structure, we can construct a connected sum 
N#M -I, smoothly. Then we have a trivial proper diffeomorphism x and a 
compact subset K c M -p such that 
x:(M-p)-K+N#(M-p)-(N#K). 
Here K contains where N and M -p are connected-summand. An argument 
similar to Propositions 3.1 and 3.3 gives a family (parametrized by [l, CO>> of
4-manifolds (N#M - p), which are all homeomorphic. But there exists a number 
rO such that (N#M -p>,, is not diffeomorphic to (N#M -p),, for all r, # r2 > rO. 
If not, by using the proper diffeomorphism x, M-p would have an end-periodic 
smooth structure. The proposition follows from what are by now routine argu- 
ments. 0 
Since any even unimodular indefinite quadratic form over integers is equivalent 
to mE, @ nH, we get the following corollary by applying Proposition 3.5 to the case 
M = mE, and N = n(S* X S’). 
Corollary 3.6. Conjecture 1.1 is true for the case (1.2). 
Corollaries 3.2, 3.4 and 3.6 above imply Theorem 1.4. 
As a final remark we argue with the differentiable structures on a two-points 
punctured 4-manifold. 
Proposition 3.7. Let M be any closed topological 4-manifold (not necessary, simply 
connected). Then M - (two points) has uncountably many distinct differentiable 
structures. 
Proof. Let p EM be any point. Then M-p is smooth. We consider the two-points 
punctured 4-manifold (M - p)#9 where 9 is ban exotic R4. Then an argument 
similar to the proof of Proposition 3.3 shows that there exist compact subsets 
K c 2E, - pt, L ~9%’ and a proper diffeomorphism 
$:(2E,-pt) -K+(M-p)#9-((M-p)#L). 
The rest of the argument is routine. So we omit it. 0 
Similarly we can show that M - S has uncountably many distinct differentiable 
structures for a finite subset S which has at least two points as well. 
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4. Casson invariant and Rochlin invariant for homology S’ X S3 
In this section we shall define two invariants for a class of Z-homology S’ X S”. 
One is an analogue of Casson’s invariant for Z-homology 3-spheres and the other 
is that of Rochlin’s invariant. We shall present a conjecture on a relation between 
them. Assuming this conjecture, we can show that for any closed topological 
4-manifold M with ks(M) # 0 the one-point punctured manifold M - pt has 
uncountably many distinct differentiable structures. Namely we could conclude 
that Conjecture 1.1 is always true. 
4.1. Casson’s incariant 
First let X be a closed smooth 4-manifold which has the Z-homology of 
S’ x S”. Let 2 be the Z-fold covering of X. We assume that 2 has the same 
homology as S”. For example if X is a product of a homology 3-sphere and a 
circle, then this condition is satisfied. Let P --) X be a principal SU(2) bundle with 
c,(P) = k, AY~(X> the moduli space of anti-self-dual connections on P and 
dk*(X) the moduli space of irreducible anti-self-dual connections on P. The 
virtual dimension of Ak*(X) is 8k. We consider the case k = 0. Then k”,(X) is 
the moduli space of flat connections on trivial bundle P and M”*(X) is the moduli 
space of irreducible flat connections. These spaces are identified with Hom(r ,(X1, 
SU(2))/conjugate and Hom(r,(X), SU(2))‘“/conjugate. 
First we show that J&‘,;(X) is compact. As r,(X) is finitely generated, the 
above identification implies that M”(X) is compact, so what we have to show is 
that the subspace which consists of reducible flat connections is a connected 
component of .&Y”(X). The moduli space of reducible flat connections is identified 
with SU(2)/conjugate = [ - 2, 21 by using trace of a holonomy map for a closed 
path corresponding to a generator of H,(X, 2). Let A be a reducible flat 
connection on X and ad(A) the local system associated to A with fibre su(2). The 
Zariski tangent space of &‘,,(X> is identified with H’(X, ad(A)). To calculate this 
cohomology group we consider a fibration X + K(Z, 1) = S’ which corresponds to 
a generator of H’(X, Z>. The homotopy fibre of this fibration is 2. As we 
assumed that J? has the same homology as S”, the Serre spectral sequence which 
converges to H “(X, Z) implies that the Serre local system associated to this 
fibration is simple. The local system ad(A) is a pull back of a local system R EJ L 
on S’, where R is a constant sheaf and L is a flat complex line bundle on S’. The 
&-term of the Serre spectral sequence which converges to H *(X, ad(A)) is 
H”(S’, H4(& R) @(R@L)) 
=HP(S’, R) @HH”(k, R) @HP@‘, L) @H@, R). 
The spectral sequence collapses and we obtain 
H’(X, ad(A)) =R@H’(S’, L). 
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Suppose A corresponds to an element of (- 2, 2). Then L is not trivial, the second 
term of the right-hand side vanishes and the Zariski tangent space agrees to the 
tangent space of the moduli space [ - 2, 21 of reducible flat connections at A. If A 
corresponds to an element of I-2, 2}, then the stabilizer of A is isomorphic to 
SU(21, the Zariski tangent space is identified with su(2) and the quotient space 
agrees to a neighbourhood of A in [ -2, 21. In both cases the Zariski tangent space 
of JO(X> at A agrees to that of the moduli space of reducible flat connections. 
This implies that the moduli space of reducible flat connections is a connected 
component of J&‘~(X) and 1(:(X) is compact. 
As the next step, following Taubes [14], one perturbs the anti-self-dual equation 
to define &a*(X) so that the moduli space of the solutions of the perturbed 
equation consists of finitely many points. The set of the solutions is oriented [4]. 
Definition 4.1. Let X be as above. The Cusson inuariunt A(X) is defined by the 
half of the number of the points of _&‘a*(X> counted with sign. This number is an 
integer or a half integer. 
In the above formulation we started from X. We can start from X as well. Let 
X be an oriented 4-manifold with the same homology as S3 and with an 
tion preserving Z-action such that the quotient space X is compact. A 
sequence implies that X has the homology of S’ x S3. 
We define the Casson invariant h(X) by the following. 
Definition 4.2. A( 8) = h(X). 
Remark 4.3. Let X be a closed smooth 4-manifold with the homology of 
If rr,(X) = Z, then any flat connection on P is reducible. So h(X) = 0. 
lently, if X is simply connected, then A(X) = 0. 
4.2. Rochlin invariant 
orienta- 
spectral 
s’ x s3. 
Equiva- 
Next we shall define the Rochlin invariant p(X) for X satisfying the same 
condition as in the previous subsection. Suppose X is a closed 4-manifold X which 
has the Z-homology of S’ X S” and its Z-fold covering X has the Z-homology of 
S3. By considering a generator of H’(X; Z) z Z, we have a continuous map from 
X to S’ = K(Z, 1). Let r be a smooth approximation of this map. Using the 
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Let 7? be the smooth map from X to R in the diagram. We may assume 0 E R 
is a regular value, by perturbing + if necessary. Put N = ii-‘(O) cX, and X[s, t] 
=+-l([s, t]) for s <t ER. Since H2(X; Z/22)= 0 and H’(X; Z/22) = 0, d 
has a unique spin structure. We restrict it to N and take a compact spin 
4-manifold W whose boundary is N so that the spin structures on N and W are 
compatible. Then we have an open spin 4-manifold 210, m) U N W. 
Definition 4.4. Let X be as above. Then the Rochlin incariant p(X) is defined by 
p(X) = $ sign(X[O, m) u W) (mod 2), where the signature is defined by the 
intersection form on compact support cohomology H,&,,,(X[O, w> u WI. 
The usual Rochlin invariant p.(x) for a Z-homology 3-sphere C is given by i 
sign(W) (mod 2) for a spin 4-manifold W whose boundary is 2. If we take S’ x 2 
for X and the projection onto S’ for r, then the above definition agrees to the 
original definition. 
We must check the well-definedness of Rochlin invariant ii. Take another map 
+’ : 2 + R with the commutative diagram (1) and a spin 4-manifold W’ which 
bounds N’ = (+‘I- '(0). Put X[O, m>’ = (ii’)-‘[O, a> ck. There is a compact sub- 
set K in X such that N cK, N’ c K and X[O, m)\K=X[O, m)‘\K. Then 
Novikov’s additivity formula shows that 
sign( X[O, m) U IV) - sign( (K n k[O, m)) u w) 
=sign(X[O, m)‘U W’) -sign((KnX[O, 0~)‘) U W’). 
On the other hand we can construct a smooth spin closed 4-manifold ((K n 
210, m>> U W) U (-(K n k[O, a>'> U W’>. By Rochlin’s theorem the signature is 
divisible by 16. Hence we have 
$sign((KnX[O, -)) U W’) - +sign((KnX[O, -)‘) U W’) =O(mod 2). 
Thus $ sign(X[O, a> U W) = d sign(X[O, a> U W ‘> (mod 21, which implies jJ X) is 
well defined. 
Starting from X instead of X, we can define the Rochlin invariant ~(2) as in 
the previous subsection. 
4.3. Relation and exotic structures 
It is well known that the usual Rochlin invariant for integral homology 3-sphere 
is equal to the Casson invariant mod 2 [Il. We present the following conjecture on 
the relation between our Casson invariant h and Rochlin invariant p for a 
4-manifold with the homology of S’ x S”. 
Coqjecture 4.5. Let X be a smooth closed 4-manifold with the homology of 
S’ x S”. Suppose the Z-fold covering of X has the same homology as S’. Then 
A(X) = z(X) (mod 2). 
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In the rest of this paper we discuss how Conjecture 4.5 follows from Conjecture 
1.1, in particular the part of the remaining cases of Theorem 1.4. Let A4 be any 
simply connected closed topological 4-manifold with nontrivial Kirby-Siebenmann 
obstruction and p EM be any point. Let U be an open neighborhood around p 
and 4 : U + B4 = {x E R4 II x I < 1) be a local coordinate with 4(p) = 0. A smooth 
structure on M -p is given by Quinn’s theorem [ll]. Then the argument similar to 
that of Section 3 gives a family of smooth 4-manifolds (M-p), parametrized by 
[l, to), which are all homeomorphic to M -p. ((A4 -p), = M - a.) Assume that if 
for any r. E [l, w) there would exist r, # rz > r,, such that (M- 
morphic to (M-p>,,. Then we have an end-periodic 4-manifold M -p by using a 
diffeomorphism f : (M - p),, - (A4 - p>,,. The end of M - p is homeomorphic to 
S” X R, and diffeomorphic to an exotic S3 X R. Let ii: End(G) -+ R be a 
smooth projection. Perturbing ii, if necessary, we may assume 2 E R is a regular 
value. Put N = +- ‘(2) and cap M - (M -pj2 by a spin smooth 4-manifold W to 
obtain a closed topological manifold (M - (M -p>,> U N W, as the definition of 
Rochlin invariant. Since (M - (M -p),> u N W is a closed spin 4-manifold, we 
have ks((M - (M-p),) U N WI = $sign((M - (M-p>,) U NW) (mod 2) [7, 010.21. 
By using the additivity of ks on the left-hand side (see also [7]) and Novikov’s 
additivity formula on the right-hand sid,e, we have 
ks(M-(M-p),) +ks(W) 
= dsign( M( -M-p)2) + $sign( W)(mod 2). 
Since W is smooth and ks(W) = 0, we obtain 
ks(M-(M-P),) -$ign(M-(M-p),) +&ign(W)(mod2). (2) 
On the other hand ks(M)= ks(M-(M-p),)+ ks((M-p),). Since (M-p), is 
smooth and ks( (it4 - p)J = 0, we obtain 
ks(M) =ks(M- (M-p),). (3) 
From (2>, (3) and Definition 4.4 we get 
ks(M) = $sign(M- (M-p),) + $sign(W) 
=p(End(M-p))(mod 2). (4) 
Here End(G) is homeomorphic to S3 X R and the Casson invariant 
A(End(G)p)) is equal to 0 by Remark 4.3. Then if Conjecture 4.5 is true, we have 
p(End(G)) = 0. This contradicts the condition ks(M) = 1 by (4). Hence there 
exists a number r. E [l, m> such that (M-p>,, is not diffeomorphic, but homeo- 
morphic to (M -p>,, for all r, # r2 > ro. This argument shows that Conjecture 4.5 
implies Conjecture 1.1 for the case (1I.b). 
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